We study the production of ultralight dark photons from a network of near-global, Abelian-Higgs cosmic strings. We find that dark photons produced in this way are nonrelativistic today and can make up all of the dark matter for dark photon masses as small as mA ∼ 10 −22 eV.
I. INTRODUCTION
Although the evidence for a dark form of matter in the Universe is overwhelming, we still know next to nothing about its properties and interactions. In this article we will suppose that the dark matter is collection of nonrelativistic, elementary particles, and that the dark matter particle is bosonic with its spin equal to 1 and its mass falling below approximately 1 eV. Such dark matter candidates have been called dark or hidden photons.
There is a prolific and diverse literature on strategies for the detection of dark photon dark matter. Several notable techniques include the use of resonant cavities [1, 2] , resonant LC circuits [3] , accelerometers [4] , spin precession [5] , interferometers [6] , periodic dielectric materials [7] , observations of the 21 cm radiation [8] , observations of astrophysical heating [9] , and gravitational superradiance [10] . While the multitude of experimental probes is encouraging, there is also a sense in which these phenomenological studies are outpacing the theory work of model building.
Models of dark photon dark matter suffer from a notorious production problem. In contrast with many familiar models of light scalar dark matter (including the QCD axion and axionlike particles), light vector dark matter cannot be generated from the misalignment mechanism if it is minimally coupled to gravity [11] [12] [13] . The misalignment energy density redshifts like ρ ∝ a −2 during inflation and dilutes by a factor of at least e −120 if inflation lasts for more than 60 e-foldings. Alternatively, dark photon dark matter can arise from inflationary quantum fluctuations (gravitational particle production), since the longitudinal polarization mode is not conformally coupled to gravity. Producing the observed dark matter relic abundance in this way requires a dark photon mass of m A ≈ (10 −5 eV)(H inf /10 14 GeV) −4 [14] , but since the inflationary Hubble scale is constrained to be H inf 10 14 GeV, this mechanism is inadequate for smaller dark photon masses.
Another approach to the dark photon production problem involves first populating an auxiliary sector, and then transferring energy to the dark photon. This strategy has been explored in several recent papers, which study the energy transfer from a scalar condensate into the dark photon via parametric resonance or tachyonic instability [15] [16] [17] [18] . Since the scale of the auxiliary sector is free to slide (within limits), one finds viable models of dark photon dark matter for a wide range of dark photon masses.
This article discusses the production of dark photon dark matter from a network of cosmic strings. In the context of the preceding discussion, the cosmic string network serves as the "auxiliary sector," which gradually transfers its energy into producing dark photons. One appealing feature of our scenario is that the cosmic strings follow from the same physics that gives rise to the massive dark photon. For instance, if the mass arises from a spontaneously broken local symmetry, then topology of the vacuum manifold implies the existence of a cosmic string solution, and causality arguments require a network of such strings to be formed in the Universe if symmetry breaking takes place after inflation is completed. Thus we would argue that cosmic strings provide a natural candidate for the source of dark photon dark matter. Earlier work on (nonaxion) dark matter production from defect networks can be found in Refs. [19] [20] [21] [22] ; these studies did not consider the production of dark photon dark matter, which we will see, is more similar to the production of axion dark matter.
The remainder of this article is organized as follows. In Sec. II we present a simple model for a massive dark photon, we detail this model's near-global cosmic string solution, and we discuss alternative models. In Sec. III we calculate the relic abundance of dark photons that arises from the evolution of the near-global, Abelian-Higgs string network in the scaling regime. We summarize our main results in Sec. IV.
II. MODELING DARK PHOTON-STRING COUPLING
A. An Abelian-Higgs model Let Φ(x) be a complex scalar field and let A µ (x) be a gauge potential vector field. Consider the Abelian-Higgs model,
where
This theory has a U(1) gauge symmetry that is spontaneously broken by the scalar's vacuum expectation value, Φ = v/ √ 2. The low-energy spectrum contains a vector particle, A, and a scalar singlet particle, ρ, with masses
As we will see shortly, we are interested in the near-global regime of this gauge theory, meaning
which allows for efficient dark photon radiation from strings. This theory's classical field equations have an class of topological defect solutions known as Abelian-Higgs (AH) cosmic strings [23] (for a review see Ref. [24] ). Strings are classified by their winding number, w ∈ Z, and we are primarily interested in w = ±1. In cylindrical coordinates {t, r, ϕ, z}, a long and straight string solution can be written as
where the profile functions, f Φ (r) and f A (r), satisfy the field equations for Φ and A µ . We have solved these equations numerically, and we present the results in Fig. 1 . The structure of the near-global, AH string generally consists of a narrow core at 0 ≤ r m
where the scalar field is displaced from the minimum of its potential and a wide cloud at m
A where there is a nonzero magnetic flux. The string's tension (energy per length) arises primarily from a spatial gradient in the phase of Φ, which remains nonzero well outside of the string core. Consequently the tension is logarithmically sensitive to large-distance-scale (IR) physics [25] . We can write the tension of a near-global Abelian-Higgs string with winding number w as [24] 
where m −1 ρ is the length scale of the string core. The largedistance length scale, m A , beyond which A µ compensates the gradient in Φ, or the scale d sep (t), giving the typical distance between neighboring strings at time t, and in general we can write m
We will see in the next section that
is the Hubble radius at time t and ξ(t) is the typical number of strings per Hubble volume. During the period of dark photon production we have m IR (t) = H √ ξ.
B. Coupling of dark photons to the string
To calculate the production rate of dark photons, we must first identify the coupling between this particle and the string. Let us consider perturbations around the string ansatz by substituting Φ → Φ e iθ and A µ → A µ + δA µ where θ(x) is the would-be Goldstone boson field. The interactions of these field perturbations can be read off of the Lagrangian, Recall that 1 − f Φ (r) only has support inside the string core. To study the interaction of relativistic dark photons with the string, the fields δA µ and ∂ µ θ represent the transverse and longitudinal polarization states, respectively. The transversely polarized dark photon's interaction is suppressed by the small coupling, and the radiation of this polarization state is proportional to e 2 ∼ m
On the other hand, longitudinally-polarized dark photons couple to the string without any suppression from the small parameter e, or one can say that the m 2 A suppression is compensated by a factor of (E/m A ) 2 as required by the Goldstone Boson Equivalence Theorem [26] , since the radiated dark photon's energy is larger than its mass.
Hence in summary, we can neglect the emission of transversely polarized dark photons and model the radiation of longitudinally-polarized dark photons with the emission of the corresponding Goldstone boson. Goldstone emission from global strings is a well-studied process [27, 28] , in part because of its implications for axion dark matter [29, 30] . We will adopt a standard result from this literature, which is that a global string radiates its Goldstone boson with a power (energy per time) given by P ∼ µ where the coefficient is an O(1) constant that depends weakly on the string's shape; see Sec. III B for further discussion.
C. Implications of the weak gravity conjecture
The theory presented here is perfectly well defined and predictive. However, it has been argued [31] that one may run into problems when attempting to embed low-energy effective theories, such as this one, into a self-consistent quantum theory of gravity. The essence of the problem is expressed by the weak gravity conjecture (WGC) [32] , which (very roughly) proposes that gravity should be the weakest force and prohibits the e → 0 limit (3). More to the point, the arguments used to motivate the WGC imply that a low-energy effective theory with charged matter should be extended at high energies to contain a tower of charged states at the mass scale m tower ∼ eM pl . Since the low-energy effective theory does not describe the tower of charged states, one says that the WGC imposes a high-energy (UV) cutoff at Λ UV ∼ m tower .
However, the theory that we are considering here does not contain charged matter in the low-energy effective theory (1), since our theory is in the Higgs phase, and therefore the arguments used to motivate the WGC are not justified. In particular, the original black hole thought experiment argument [32] does not apply in the Higgs phase where charge leaks off the black hole, and consequently the black hole can evaporate without emitting charged particles [33, 34] . The question then is whether the WGC can be bolstered by other arguments that lead to constraints on models in the Higgs phase [34] [35] [36] [37] [38] . For instance, if the Compton wavelength of the dark photon is large compared to the size of the black hole then evaporation occurs slowly, and one might imagine some variant of the black hole thought experiment that applies to this case as well.
Suffice it to say, our Abelian-Higgs toy model for the ultralight dark photon may or may not admit a self-consistent embedding into a quantum theory of gravity. However, we do not view violation of the WGC as a major shortcoming.
D. Alternative models for coupling dark photons to strings
It is tempting to decouple the mass of the dark photon from the scale of the string and thereby avoid working in the e 2 1 regime. In this section, we discuss several alternative models for a low-mass dark photon coupled to a high-tension string.
One possibility is to suppose that the string is superconducting and carries a current that sources the dark photon. Let us consider bosonic superconductivity [39] as a simple example. This scenario requires two pairs of scalar and vector fields: (φ, V µ ) correspond to U(1) string , while (σ, A µ ) correspond to U(1) dark . The scalar potential has the form
and the parameters are chosen such that φ = v φ = 0 and σ = v σ = 0 far away from the string [40] . However φ → 0 at the string core, and here σ develops a condensate. Given the proper initial condition, this condensate can support a current, I dark = 2 dx dy Re[σ * ∂ z σ], which acts as a source to let the string radiate dark photons with a power P A ∼ I 2 dark [41] . In order to produce dark photons from superconducting strings, we must first address how the string's current develops. For electromagnetic superconductivity, the current arises via Faraday's law of induction when the cosmic string passes through a magnetic field, such as that found in galactic structure [25] . If a similar mechanism is responsible for charging up our hidden-sector strings, then additional degrees of freedom are required to generate the dark photon magnetic field.
Without specifying this additional physics explicitly, one cannot estimate I dark , but in general the current cannot be made too large, I dark e dark v σ / √ λ σ , because otherwise the current becomes unstable [25] . If I dark is allowed to be as large as µ 1/2 , then the emission of dark photons from a network of superconducting strings could make up all of the dark matter.
Another possibility is to distinguish U(1) dark from U(1) string , where the former is spontaneously broken giving mass to the dark photon, A µ , and the latter is broken at a much higher scale, forming the string from a new vector field, V µ [42] . The two vector fields will interact through a gaugekinetic mixing ( term below). The relevant interactions are
where J µ string and J µ dark are the current densities of the matter charged under U(1) string and U(1) dark , respectively. There is a magnetic flux of the U(1) string gauge field at the string and V µν = 0, which becomes a source for the U(1) dark gauge field through the gauge-kinetic mixing term. In the mass eigenstate basis, the gauge kinetic mixing operator is replaced by
string , and one expects that the dark photon radiation power will be suppressed by
However, radiation of the longitudinal mode might be enhanced by a factor of E 2 /m 2 A , thanks to the Goldstone boson equivalence theorem, possibly leading to the radiation of dark photons with only an O( 2 ) suppression. If there is also a light radial mode, h dark , accompanying the Higgsing of the U(1) dark , we have an additional interaction ∼ vh dark A µ V µ , which could lead to radiation of the dark photon suppressed by the size of the kinetic mixing. This interesting scenario merits further study.
Let us close this section by speculating briefly on two other strategies for avoiding e 2 1. Up till now we have been assuming that the dark photon arises from an Abelian gauge field theory. Such theories also predict a radial mode, the scalar singlet ρ, but this degree of freedom does not play any role in dark photon production. Thus it is interesting to do away with ρ by supposing either that the dark photon arises from a Stueckelberg theory or that the string is a fundamental string. (It is worth mentioning that swampland arguments may still apply to the Stueckelberg theory [36] .) We will say no more about these alternative models in the rest of the article, but it would be interesting to explore their implications more carefully.
III. PRODUCTION OF DARK PHOTON DARK MATTER
A. Cosmological formation of the string network Inflation evacuates the Universe of matter, and subsequently particles are created from decay of the inflaton condensate during the epoch of reheating. In the near-global regime (3), it is reasonable to expect that reheating produces equal amounts of Φ particles and antiparticles, but only a negligible abundance of A particles [43] . The Φ particles and antiparticles thermalize through their self-interaction [44] reaching a temperature T rh , but the A particles are extremely weakly interacting in the near-global regime (3), preventing the dark photon from being produced thermally (negligible freeze-in) [45] .
We assume that the U(1) gauge symmetry was restored during reheating, which imposes a lower bound on the temperature of the Φ particles and antiparticles, roughly T rh v [46]. Subsequently, as the Universe expanded and cooled, the symmetry was broken through a cosmological phase transition. After the phase transition the Φ particles and antiparticles become scalar singlet particles ρ and longitudinally polarized dark photons A L . Eventually ρ decays to Standard Model particles or A's [47], and the remaining A's are relativistic, contributing a negligible amount of dark radiation [48] .
The symmetry-breaking phase transition causes a network of cosmic strings to be formed, as required by causality arguments [49, 50] . A cosmic string network consists of a dynamically evolving collection of long and short string loops. Consider a time t during the radiation era when the Hubble radius was given by d H (t) = 1/H(t) = 2t. Short string loops have a length L < d H (t), and all points on a given loop are in causal contact, whereas long string loops have L > d H (t) and only a segment of the loop crosses any given Hubble volume. Short string loops are formed when either d H (t) grows to overtake a long string loop that was just outside the horizon or when long strings intersect and reconnect forming new loops.
This string network evolves toward a scaling regime by exhausting excess energy into the radiation of gravitational waves and particles. A segment of string at rest with length L carries an energy of E = µL. By radiating away energy, curved string segments tend to straighten out, and string loops tend to shrink and decay.
B. Radiation from near-global, Abelian-Higgs strings
In the previous section, we discussed how a string network maintains scaling by exhausting energy into radiation. Our near-global, Abelian-Higgs strings have four radiation channels: gravitational waves, scalar singlets, transversely polarized dark photons, and longitudinally polarized dark photons. In the remainder of this section we will discuss each of these radiation channels in turn, but let us first summarize the main results. A curved string segment with curvature scale L, such as a loop with radius R = L, radiates into each of the four channels with a power (energy emitted per time) given by
where the step function Θ(z) = 1 for z > 0 and 0 otherwise. Accelerated string segments induce a quadrupole moment that results in gravitational wave radiation. The radiation power is parametrically P gw ∼ G N µ 2 where G N is Newton's constant, and the dimensionless factor G N µ 1 quantifies the coupling of gravity to the string. The coefficient can differ for gauge and global strings [51] , but in general P gw µ. Unlike gravitational wave radiation, the emission of massive particles can be kinematically blocked. For instance the motion of a periodically oscillating string loop with length L and period τ = L/2 can be decomposed into harmonic functions with angular frequency ω n = 2πn/τ and n ∈ Z + . In order to radiate a particle of mass m from mode n, the kinematic condition ω n > m must be satisfied [52] . If the particle is light with respect to the loop, in the sense that mL < 4π, then all of the n > 1 modes can radiate. However, heavy particles with 4π < mL can only be radiated from higher harmonics, which are typically absent from smooth strings [53] . In general, one can calculate how P depends on mL, but since our results are insensitive to the specific form of this function, we will approximate it by a step, Θ(1 − mL), as in Eq. (9) .
For the scalar singlet ρ we generally have m ρ L 1, since the thickness of the string core is approximately m −1
ρ . Therefore the radiation of the scalar singlet is always dramatically suppressed.
The situation is more subtle for the dark photon, because it is parametrically lighter than the symmetry-breaking scale in the near-global regime (3) . Recall that only sub-Hubble loops and curved string segments can radiate, since larger-scale features are not yet in causal contact, and thus we are only interested in L < d H (t) ∼ H −1 at any time t. There is a special time t = t * at which
and
where g * is the effective number of relativistic species. At early times (m A < H) the dark photon is light for all sub-Hubble loops, m A L < m A /H < 1, and the radiation of dark photons is not kinematically suppressed. However, at late times (H < m A ) the radiation of dark photons from Hubble-scale loops is kinematically suppressed, since m A L ∼ m A /H > 1, and these loops decay instead by gravitational wave emission. In this way, the near-global, AbelianHiggs string network behaves like a network of global strings at early times, when the particle radiation is efficient, and a network of gauge strings at late times, when the particle radiation is suppressed.
Furthermore, we can distinguish the radiation of the different dark photon polarization states. As we have already discussed in Sec. II A, the transverse polarization state couples to the string with an interaction strength of e 2 ∼ m 2 A /µ 1, and therefore the radiation power goes as
On the other hand the longitudinal polarization state has an O(1) interaction strength with the string, and the corresponding radiation power is
In summary, the emission of the scalar singlet, ρ, and the transversely polarized dark photon, A T , can be neglected. At early times, m A < H, the radiation is dominated by emission of longitudinally polarized dark photons, which contribute to the dark matter. At late times, H < m A , the gravitational wave radiation is dominant.
C. Structure of the string network
The efficiency with which individual loops radiate and decay affects the qualitative structure of the network as a whole. Consider a loop at rest of length L(t) at time t that radiates with a power P (L, t). The energy carried by this loop is E(t) = µL(t), and it decreases according to
If P is independent of both L and t then the solution is simply L(t) = L 1 −(P/µ) t−t 1 . The loop has completely decayed away at time
The number of elapsed Hubble times is given by (t L −t 1 )/t 1 = (L 1 /t 1 ) (P/µ) −1 , and therefore an initially Hubble-scale loop, L 1 ∼ t 1 , decays in approximately (P/µ) −1 Hubble times. We learned in Sec. III B that for near-global, AbelianHiggs strings we should distinguish the early time behavior when m A < H(t) from the late time behavior when H(t) < m A . At early times, Hubble-scale loops predominantly radiate longitudinally polarized dark photons and decay quickly, in (P/µ) −1 ∼ (P A L /µ) −1 ∼ 1 Hubble times. At late times, these loops mainly radiate gravitational waves and it takes many Hubble times for them to decay: (P/µ)
1. In this way the network of near-global, Abelian-Higgs strings acts like a chimera; it resembles a network of global strings at early times and a network of gauge strings at late times. If we take a snapshot of a global string network, it will typically display several straight string segments crossing a given Hubble volume and perhaps one big loop. If there is a loop, it will radiate and decay in O(1) Hubble times, and eventually a new loop will be formed from the intersection and reconnection of the long strings. However, a snapshot of a gauge string network will contain many loops, since they can only decay by the emission of gravitational waves. In this sense, our near-global, Abelian-Higgs string network experiences a phase transition at time t = t * when m A = H(t * ) from a long-string-dominated structure to a loop-dominated structure.
D. The network exhausts energy to maintain scaling
To calculate the dark photon relic abundance in the next section, we must determine how much energy is being radiated by the string network into dark photons. We have done half of this calculation in Sec. III B by estimating the dark photon radiation power from a given string segment. By taking the expressions for P A T and P A L from Eq. (9) and using what we have learned about the structure of the string network in Sec. III C, we could calculate the corresponding radiation power densities, P A T and P A L , produced by the entire network. However, in the remainder of this section we will apply a less direct, but more adaptable line of argument.
Let ρ str (t) be the energy density of the string network at time t, coarse grained on a length scale that is large compared to the typical distance between neighboring strings. In Sec. III C we argued that most of the network's energy is carried by long strings at early times [m A < H(t * )]. Therefore the energy density should obey [54] ρ str + 2Hρ str = −P for t < t * .
The power density P(t) is the total amount of energy radiated from the string network per unit time and volume at time t.
We can define the dimensionless function ξ(t) by writing
without any loss of generality. Since a Hubble-length segment of string contributes ∼ µd H /d 3 H ∼ µ/t 2 to the energy density, we can interpret ξ(t) as the average number of long strings per Hubble volume. Requiring Eq. (13) to be a solution of Eq. (12) implies [55] (see also Refs. [56, 57] )
The radiation power density for longitudinally polarized dark photons is now simply P A L ≈ P Θ(t−t * ), since we argued in Sec. III B that this radiation channel dominates at early times. In the preceding discussion it seems that we have simply traded the unknown function P A L (t) for the unknown function ξ(t). Moreover the logic of this relation is apparently backward, since it is the radiation of dark photons that determines the structure and energy density of the string network, parametrized by ξ, and not ξ that controls P A L . However, it is convenient to parametrize our ignorance in terms of ξ(t), since this quantity can be measured with numerical simulations.
In fact the time dependence of ξ(t) has attracted significant attention lately. For a string network in the scaling regime, ξ should be a constant [24] . This expectation is confirmed by various numerical simulations of Abelian-Higgs (gauge) strings [58, 59] Nambu-Goto strings [60] , and global strings [61, 62] . However, several recent numerical simulations [57, [63] [64] [65] and analytical arguments [66] have begun to indicate that a network of global strings, such as axion strings, may exhibit a logarithmic deviation from scaling. In our notation, the results of Ref. [57] are summarized as
The logarithm appearing here is in addition to the well-known one that comes from µ(t); see Eq. (5). A logarithmic deviation from scaling would have important implications for models of axion dark matter [57, 63, 65, 66] . However, it is important to bear in mind that the alleged deviation from scaling is still a matter of active research, and that evidence supporting this conclusion primarily comes from string network simulations, which are inherently limited by their dynamic range. In order to quantify the effect of these uncertainties on the production of dark photons, we will calculate the relic abundance using both Eq. (15) as well as taking simply ξ(t) = ξ 0 = 2 as suggested by Refs. [61, 62] . Simulations of near-global, Abelian-Higgs string networks in our parameter regime of interest are not available to provide an estimate of ξ(t). Nevertheless, the arguments in Sec. III C imply that the structure and evolution of this network at early times [m A < H(t * )] should be similar to that of a global string network. Therefore we are motivated to adopt the results of the recent global string network simulations. Using the expressions for µ(t) and ξ(t) from Eqs. (5) and (15) we evaluate P A L ≈ P from Eq. (14) to obtain
where H(t) = 1/(2t) during the radiation era. The logarithmic factors can be quite large: log m ρ /H(t * ) 20 for m ρ = 10 15 GeV and H(t * ) = m A = 10 −22 eV. Note that Eq. (16) is only valid at early times, corresponding to t < t * or equivalently m A < H(t), while the near-global, Abelian Higgs string network behaves like a global string network. At later times, the expression for ξ from Eq. (15) is no longer applicable, but moreover the emission of dark photons from Hubble-scale loops is kinematically suppressed, so we simply set P A L = 0 for t > t * .
E. Relic abundance of radiated dark photons
Let ρ A (t) denote the energy density of dark photons at time t. Since most dark photons are relativistic at early times, m A < H(t), their energy density satisfieṡ
where P A T and P A L represent the emission of transversely and longitudinally polarized dark photons from the strings. The arguments in Sec. III B imply that P A T is negligible in the near-global regime, and the calculations in Sec. III D give P A L in Eq. (16) . The solution of Eq. (17) is given by [67] 
up to terms that are suppressed by powers of log m ρ /H. Due to the logarithmic growth in µ and ξ, the integral is dominated by late times. If we had not taken the time dependence of µ and ξ into account, then we would have obtained ρ A = (ξµ/t 2 ) log t/t initial instead, and each logarithmic time interval would have contributed equally.
The dark photons radiated at early times will be relativistic, but they will eventually become nonrelativistic through redshifting. Thus, to determine the axion relic abundance, we should calculate the number density of dark photons, denoted by n A . This density evolves according tȯ
where the source density S A (t) is the number of dark photons produced per unit time and volume at time t. The power density P A and source density S A are related by
where we integrate over the magnitude of the momentum of the radiated particles, and
A is their corresponding energy.
In general, we expect the spectrum dP A /dk to peak at an energy E k = O(1) × H. This is because the emission of dark photons from near-global, Abelian-Higgs strings should be similar to the emission of Goldstone bosons from global strings. Since the radiation is very efficient, as we discussed in Sec. III B, we expect that as soon as a curved string segment enters the horizon it will quickly radiate away its excess energy and straighten out or that a loop will quickly collapse. This leads to a peaked spectrum at an energy E k = O(1)×H. However, there is a large uncertainty associated with the spectral index; if the spectrum has a high-momentum tail, then each particle carries more energy, and there are fewer particles radiated. Typically a direct calculation of the spectrum relies on numerical simulations of the string network, e.g., Refs. [30, 57, 68] , which is beyond the scope of our work. We take a simplified approach by assuming that the spectrum of particles radiated at time t is monochromatic with energy E k =Ē A (t) ∼ H(t) where x 0 = O(1). This lets us write the source density as
It would be straightforward to extend this analysis to cover a power law spectrum with variable spectral index, but we leave that generalization to future work. With the preceding assumptions and caveats about the spectrum, we now proceed to solve for the density of dark photons. The solution of Eq. (19) is given by [69] 
where we have dropped subdominant terms. Note that the total density of dark photons is decreasing with time due to the cosmological dilution, n A ∼ t −1 , but the comoving density is growing, a 3 n A ∝ t 3/2 n A ∝ t 1/2 . The relic abundance of dark photons today (time t = t 0 ) is given by
where H 0 = 100h km/sec/Mpc is the Hubble constant and M pl 2.43×10 18 GeV is the reduced Planck mass. Here, we have also introduced the yield, Y A (t) = n A (t)/s(t), where s = (2π 2 /45)g * S (t)T (t) 3 is the cosmological entropy density at time t when the plasma temperature is T (t). Dark photon radiation becomes negligible at t = t * , and afterward the yield is conserved, Y (t 0 ) = Y (t * ). Then, using the expression for n A (t * ) from Eq. (22), we have
where we have taken the effective number of relativistic species to be g * = g * S = 106.75.
IV. DISCUSSION AND CONCLUSIONS
We show the relevant parameter space in Fig. 2 . Since the model has four free parameters (v, λ, e, T rh ), we show only the two-dimensional slice of parameter space with λ = 1. Our results are insensitive to the postinflationary reheat temperature, T rh , as long as it is high enough for symmetry restoration; see the discussion in Sec. III A. The value of the string tension today is given by Eq. (5), which evaluates to µ(t 0 ) ≈ (π/2λ) m 2 ρ log[m ρ /m A ], and since this is only logarithmically sensitive to the dark photon mass, we fix m A = 10 −10 eV and show the corresponding value of µ(t 0 ) on the top of the plot.
Recall from the discussion in the Introduction that the problem of dark photon dark matter production can be solved by inflationary quantum fluctuations (gravitational particle production) for m A 10 −5 eV [14] ; this is indicated by the blue line in Fig. 2 . Additionally, models of particle dark matter with mass m 10 −21 eV are inconsistent with probes of cosmological structure, namely Lyman-α forest observations [70] ; this is indicated by the orange line in Fig. 2 .
Along the diagonal red lines, the relic abundance of longitudinally polarized dark photons matches the measured dark matter relic abundance, Ω dm h 2 0.12. Larger values of m A and m ρ (above the red line) are ruled out, because dark photon dark matter is overproduced. Regarding the dark photon production problem that we discussed in the Introduction, it is clear from these results that dark photon dark matter can be produced from its own near-global, Abelian Higgs cosmic string network for a wide range of dark photon masses. Models with smaller dark photon masses allow for viable dark matter production as long as they have correspondingly higher symmetry breaking scales, represented here by the string tension and the scalar singlet mass.
The symmetry breaking scale is bounded from above in two ways. In order to form the string network via a cosmological phase transition, the symmetry must be restored after inflation. This imposes a lower bound on the postinflationary reheating temperature, T rh . For the Abelian-Higgs model we have studied here, this bound is roughly T rh v; see the discussion in Sec. III A. On the other hand, measurements of the cosmic microwave background constrain the energy scale of inflation [71] , which implies an upper bound on the reheating temperature that is at least as strong as T rh 10
16 GeV and possibly stronger depending on the model of inflation and reheating. Taken together these constraints imply v 10
16 GeV or µ(t 0 ) v log 1/2 ∼ 10 17 GeV. Thus, we conclude that the parameter space shown in Fig. 2 can still be consistent with cosmological limits on the symmetry breaking scale.
Gravitational wave radiation provides a more direct test of the symmetry breaking scale. As we have discussed in Sec. III B the collapse of string loops produces gravitational wave radiation, which is expected to survive in the Universe today as a stochastic gravitational wave background [72] . Pulsar timing array (PTA) observations provide stringent constraints on the presence of such a gravitational wave radiation in the Universe today. For a network of Nambu-Goto or Abelian-Higgs cosmic strings, the loops are long lived and their gravitational wave emission should be observed by PTA measurements if the string tension is high enough, leading to constraints at the level of µ 1/2 6 × 10 14 GeV [60] (see also Ref. [73] ), which would naively rule out everything to the right of the gray dashed line in Fig. 2 . However, for a network of global strings, the loops decay quickly by Goldstone boson emission, and the predicted gravitational wave signal is not within reach of PTA limits, which leaves the string tension unconstrained. As we have discussed in Sec. III C our near-global, Abelian-Higgs string network behaves like a global string network at early times and like a conventional gauge string network at late times. This opens the possibility that the PTA limits on µ 1/2 are relaxed for the near-global, Abelian-Higgs strings, but we leave a detailed investigation of this point for future work.
In order to quantify the uncertainties in our calculation associated with the evolution of the string network, we have evaluated the dark photon relic abundance, assuming both that the string network reaches the scaling regime, corresponding to ξ(t) 2 in Eq. (13), and that the network exhibits a logarithmic deviation from scaling, corresponding to ξ(t) ∝ log t as in Eq. (15) . The behavior of global string networks is currently a matter of active research and debate. Since the logarithm at t * can be as large as approximately 80, the effect on dark photon production is to shift the favored region of parameter space by roughly one decade.
In the Introduction we have enumerated various experimental strategies for probing dark photon dark matter. Most of these tests rely on a direct (nongravitational) interaction between the dark sector and the Standard Model, which is absent from the model we presented in Sec. II A. However, the effect of gravitational superradiance requires only a minimal gravitational coupling, and the observations of rapidlyspinning black holes place constraints on ultralight dark photons (whether or not they are the dark matter) [74] . It would be interesting and fruitful to explore extensions of our minimal toy model with additional interactions. Interactions mediated by the Higgs-portal coupling would not lead to detectable signatures in low-energy observables, since the heavy scalar singlet is off shell and its effects at energy E m ρ are suppressed by powers of (E/m ρ ) 2 . Additionally, it would be interesting to suppose that the gauged U(1) symmetry is associated with one of the nonanomalous global symmetries of the Standard Model: B − L, L e − L µ , and L µ − L τ .
Let us close by recalling that dark photon dark matter arising from a network of near-global, Abelian-Higgs cosmic strings is necessarily longitudinally polarized at the time of production. As we discussed in Sec. III B this can be understood from the perspective of the Goldstone-boson equivalence theorem. It would be interesting to explore how the polarization is affected by cosmological structure formation and to investigate strategies for testing the polarization of dark photon dark matter.
